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Abstract 

This research focuses on reconstructing the impact forces applied to a composite panel using 
vibrational responses in the presence of environmental noise from wind loads. Sparse 
regularisation is introduced for impact-force reconstruction, considering the sparse nature 
of impact-force in the time domain. A monotonic two-step iterative shrinkage/thresholding 
(MTWIST) algorithm based on minimising ݈ଵ-norm is developed to solve a class of convex 
optimisation problems in a highly underdetermined “impact-force reconstruction” model 
with an ill-conditioned measurement matrix. In the sparsity frame, the proposed sparse 
regularisation method determines the actual simultaneous impacts’ locations from many 
candidate sources and reconstructs the time and magnitude of the impact forces 
simultaneously. Simulations are conducted on a simply supported rectangular plate in the 
presence of a high noise level to illustrate the effectiveness and applicability of the MTWIST 
algorithm. Results demonstrate the efficacy of the proposed method in solving the inverse 
problem of multi-impact force identification.     

Keywords: Impact-force reconstruction, Sparse regularisation, Experimental modal 
analysis, Iterative shrinkage/thresholding algorithm 

Introduction 

Impact-force identification is a vital engineering issue in aircraft structural health 
monitoring (SHM), leading to modified performance evaluation, design optimisation, noise 
suppression and vibration control. Since direct measurement of impact forces on aircraft 
structures is complex, inverse methods, using outputs induced by impact [1], can be used to 
evaluate those forces. Force identification by inverse methods remains a challenging 
problem since fewer measured responses than the number of impact sources make these 
methods under-determined. Additionally, a small error in measured responses can lead to a 
significant fluctuation in the desired solution. Regularisation methods must be utilised to 
transform such an ill-posed problem into a well-posed problem [2-3]. The classical ݈ଶ-norm-
based regularisation methods such as Tikhonov [4-6] and truncated singular value 
decomposition (TSVD) methods [7- 9] cannot determine the impact location and 
simultaneously reconstruct its time history. Impact localisation is a much more complex 
issue [8] and requires more sensors [1], while in many classical ݈ ଶ-norm-based regularisation 
methods, the number of measurements must not be less than the number of unknown 
sources. In contrast, the sparse regularisation methods using ݈ଵ penalty requires the solution 
to have minimum nonzero values and yield a very sparse solution [10].  

Despite many studies being carried out in the force identification field, a comprehensive 
review shows that simultaneous impacts have not received much attention. In this paper, a 
general sparse regularisation model based on minimising ݈ଵ-norm is proposed to reconstruct 
the impact force, which simultaneously identifies the location, magnitude and time history 
of multiple simultaneous impacts. A monotonic two-step iterative shrinkage/
thresholding 
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(MTWIST) algorithm is proposed to find the sparse solution to the underdetermined model 
from incomplete and inaccurate measurements.  

Impact-force sparse reconstruction formulation 

Force reconstruction for the single-source case can be modelled as a convolution integral of 
the excitation force ݂(ݐ) with the impulse response function (IRF), defined as: 

(ݐ)ݕ = ℎ(ݐ) (ݐ)݂⊗ = ∫ ℎ(ݐ − ߬)݂(߬)dτ௧
଴  (1) 

where ⊗ denotes the convolution operation and ߬ is the time-delayed operation satisfying 
ݐ ≥ ߬. The continuous convolution model should be discretised numerically for computing 
as follows: 

(ݐ∆݆)ݕ = ∑ ݐ∆ ℎ൫(݆ − ݅ + ௡(ݐ∆݅)൯݂ݐ∆(1
௜ୀଵ  (2) 

where ∆ݐ is the time interval, ݅, ݆ are counters, and ݊ is the data length of the discrete IRF. 
The compact matrix-vector form of Eq. (2) after discretisation can be rewritten as y = Hf 
where the transfer matrix H∈R௡×௡ contains the system dynamic characteristics and depends 
on excitation and measurement locations. 

Force reconstruction for a multiple-input multiple-output (MIMO) system can then be 
written as: 
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where the integer numbers ܯ and ܰ denote the number of the measurement sensors and the 
candidate sources, respectively. Submatrix H௜௝ is the transfer matrix between the response 
point ݅ and the excitation point ݆. Note that H௜௝ have the condition number in order of 
1×10ଵ଻ to 1×10ଵଽ and finding a stable solution is not guaranteed. The element expansion 
of the governing equation Eq. (3) matrix can be determined as follows: 
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This work focuses on a problem where only a single accelerometer is employed for 
measurement, and nine candidate sources are selected. This case presents a severely 
underdetermined ill-posed problem. The minimum ݈ଵ-norm solution of Eq. (4) in a highly 
underdetermined system can be imposed by the following optimisation 

minimise
f        ‖f‖ଵ  ;          subject to  y=Hf     (5)

where ‖f‖૚ denotes the ݈ଵ-norm, i.e., the sum of the absolute values of all the components 
of f. In practice, the measured response vector, y, is commonly inaccurate or contaminated 
by noise. The equality condition in Eq. (5) is transformed to the inequality form as  

minimise
f   ‖f‖ଵ  ;  subject to  ‖Hf-y‖ଶଶ ≤  (6)  ߜ

where ߜ denotes the noise bound. Eq. (6) can be written as a minimiser of a convex 
unconstrained objective function 

minimise
f =(f)ܩ        ଵ

ଶ
‖Hf-y‖ଶଶ + f‖ଵ     (7)‖ߣ
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where ܩ(f) is a convex and non-differentiable function, and ߣ ∈ [0, +∞), the regularisation 
parameter, can be tuned. For Tikhonov regularisation, the ݈ଶ-norm solution tends to zero, as 
ߣ → +∞ while for the ݈ଵ-norm regularisation, the solution f௟ଵ is always zero, when [14] 

ߣ ≥ maxߣ = ฮ2HTyฮஶ      (8)
where ‖∙‖ஶ  denotes the ݈ஶnorm. Therefore the ݈ଵ-norm regularisation typically yields a 
sparse solution. An MTWIST algorithm is proposed for solving the ݈ଵ-norm regularisation 
of impact-force sparse reconstruction in a noninvertible case [12]. An overview of the 
proposed method is shown in Fig. 1.  

Fig. 1. The MTWIST algorithm for impact-force sparse reconstruction. 

Simulation Study 

The impact force acting on a thin, simply-supported composite plate is reconstructed by 
finding the impact location, magnitude and time history. The spatial distribution over the 
plate structure is multiple-input single-output (MISO) as there is only a single accelerometer 
measurement. Three different MISO cases are considered under different noise levels, and 
in all these cases, at least two simultaneous impacts are applied to the structure. The 
magnitude of impact force is assessed by the peak relative error between the measured force, 
fmeasured, and the reconstructed force, freconstructed, defined as: 

Peak relative error= |max(܎measured)ିmax(܎reconstructed)|
|max(܎measured)| × 100% (9) 

Table 1 gives the simulation parameters. Note that different from previous studies [7,11] 
where structural damping was set as η = 0.03, here η = 0.003. In general, a lightly damped 
structure is far more difficult for force identification. The simulation reveals that the smaller 
the structural damping, the worse the ill-posedness of the inverse problem. Impact force 
distribution and accelerometer location is produced by discretising the space with six 
gridlines over the structure, as shown in Fig. 2. Three different impact scenarios 
were 
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examined. The first scenario has two impact locations (simultaneous impact). In 
comparison, the second scenario has three impact locations (two of which are concurrent), 
and the third scenario has four impact locations (grouped into two sets of two simultaneous 
impacts). Four noise levels of 10%, 20%, 30% and 40% are considered, which respectively 
correspond to noise-to-signal ratios of the measured response ‖܍‖ଶ ⁄ଶ‖ܡ‖  of 5.82%, 
11.54%, 17.47% and 23.29%.  

Table 1: Simulation parameters of the simply supported rectangular plate 
Parameters Values 
Plate Length ܽ 0.6 m 
Plate Width ܾ 0.5 m 
Plate Thickness ℎ 0.0015 m 
Structural Damping 0.003 ߟ 
Poisson Ratio 0.3 ߥ 

Fig. 2.  (1) First scenario; (2) Second scenario; (3) Third scenario 

The impact-force identification results using the proposed MTWIST algorithm for the 3rd 
scenario is illustrated in Fig. 3, and the outcome for the other two cases are similar. As 
shown in Fig. 3, all impact sources at different locations are clearly distinguished for the 
four noise levels. The reconstructed force values in other assumed locations are small 
enough to be ignored. 

Fig. 3. Results for the 3rd scenario with noise levels: (1) 10%; (2) 20%; (3) 30%; (4) 
40% 
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For the 3rd scenario, the force-time histories around the peak load for locations 3, 6, 5 and 7 
with four noise levels are depicted in Fig. 4. The force-time curves from the numerical 
solutions are consistent with the measured force, and the solution accuracy decreases with 
the increasing noise level. Similar outcomes were seen for the other two scenarios. Results 
across the three scenarios show that the largest time history relative error among the four 
noise levels in any scenario was 0.3%. 

The relative error in evaluating the peak forces for the first scenario with two simultaneous 
impacts was 1.2% and 21.3% for noise levels of 10% and 40%, respectively. The same trend 
was observed with the other two scenarios in which increasing the noise level resulted in 
higher relative error values. It is noteworthy that the relative error in the second scenario at 
40% noise was more significant than that in the other two cases studied in this paper. It is 
postulated that the location of impact points in respect to plate mode shapes may contribute 
to such high disagreement between evaluated and actual peak force. Further studies are 
undertaken to characterise the possible interaction of mode shapes and nominated impact 
points.  

Fig. 4. The zoomed-in results of reconstruction the force acting on 3rd point (A), 6th point 
(B), 5th point (C) and 7th point (D) with different noise levels: (1) 10%; (2) 20%; (3) 30%; 

(4) 40%

Conclusions 

Here, we introduced and demonstrated the application of sparse regularisation to impact-
force identification, a particular category of force reconstruction. First, taking into account 
the sparse characteristic of impact-force in the time domain, ݈ଵ-norm sparse regularisation 
for solving an underdetermined system of impact-force reconstruction is introduced. 
Second, MTWIST is successfully developed for impact-force sparse reconstruction from 
highly incomplete and inaccurate measurements where the impact location, magnitude and 
time history of simultaneous impact-forces are determined concurrently. Finally, the 
proposed sparse regularisation method was examined under different scenarios by which 
the following results are concluded: 
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 The location and time histories of impact forces in all scenarios were determined
among nine candidate sources with high accuracy, using one accelerometer in the
presence of environmental noise.
 The magnitude peak relative errors show that increasing the number of impacts does
not necessarily reduce the accuracy of the reconstruction results.
 Simulation proved that the MTWIST algorithm has good reconstruction
performance and is not very sensitive to noise. Therefore, sparse regularisation as an
alternative technique has advantages in identifying the impact force from accuracy,
robustness and computation efficiency points of view.
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